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Abstract
We present a general criterion for near bent functions to be bent on a hyperplane. Let n = 3k ± 1 be odd
and let d = 4k −2k +1. We show that the Kasami–Welch function Tr(xd) is a bent function when restricted
to the hyperplane of trace 0 elements in F2n .
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1. Introduction
Let L = Fq , the finite field with q = 2n elements. Let Tr denote the trace map from L to F2.
The Fourier transform of any real-valued function F defined on L is the function F̂ defined by
F̂ (a) =
∑
x∈L
F(x)(−1)Tr(ax)
for a ∈ L. While in some investigations it is necessary to consider the distribution of F̂—i.e. not
only the values but their multiplicities as well—in this paper we are concerned only with the set
{F̂ (a): a ∈ L} of distinct values which we shall call the Fourier spectrum of F .
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a Boolean function is bent if F = (−1)f has Fourier spectrum {±2n/2}. Since the Fourier co-
efficients F̂ (a) are integers, this is possible only if n is even. We shall call a Boolean function
f :L → F2 near bent if F = (−1)f has Fourier spectrum {0,±2(n+1)/2}. Such functions can
exist only if n is odd.
We note here that, for n odd, a mapping f :L → L is “almost bent” (abbreviated AB)
in the sense of Chabaud and Vaudenay [2] if, for all a and nonzero b in L, the sum∑
x∈L(−1)Tr(ax+bf (x)) takes one of the three values {0,±2(n+1)/2}. Thus, for n odd, the mapping
f :L → L is AB precisely when all 2n − 1 of the Boolean functions Tr(bf (x)), b ∈ L, b = 0, are
near bent in the sense we have given above. In particular, if f is a monomial permutation, say
f (x) = xd where (d,2n − 1) = 1, then saying that f is almost bent is the same as saying that
Tr(f (x)) is near bent.
The most famous examples of near bent functions are the Gold functions f (x) = Tr(x2k+1)
where k is relatively prime to n and n is odd, see [6]. Almost as famous are the Kasami–Welch
functions f (x) = Tr(x4k−2k+1), which have the same spectrum under the same hypotheses. This
was proved independently by Welch (unpublished) and Kasami [7]. Dillon [3] proves a stronger
result which gives the support of F̂ ; and another proof of the spectrum is given by Dobbertin [4].
By a hyperplane in L we mean an (n− 1)-dimensional linear subspace of L, viewing L as an
n-dimensional vector space over F2. Hans Dobbertin [5] once asked the second author whether
functions such as the Gold functions and the Kasami–Welch functions, on F2n when n is odd,
could be bent when restricted to a hyperplane. In [9] Lahtonen, McGuire, and Ward discussed
this question for Gold functions, which are bent when restricted to half the hyperplanes. The case
of Kasami–Welch functions is more difficult. We will show that for n not divisible by 3, there
is one Kasami–Welch exponent for which the function Tr(xd) is bent when restricted to one
particular hyperplane. This exponent is d = 4k − 2k + 1 where n = 3k ± 1, and the hyperplane is
the set of trace 0 elements of L. Our proof will show that this function is not bent when restricted
to any other hyperplane. We feel sure that Hans Dobbertin knew this result but did not get the
time to write down a proof.
In Section 2 we give some preliminary results we will need for the proof. We shall give the
proof of our result in Section 3, providing a new criterion which may be useful in investigations
of other near bent functions. Our criterion may be added to the equivalent conditions stated in
Canteaut et al. [1], which we shall use in our proof. Our result allows us to give a second proof
of the results in [9] on the Gold functions restricted to hyperplanes.
We have studied other Kasami–Welch functions on small fields by computer experiments. The
computer evidence indicates that all other Kasami–Welch functions are not bent when restricted
to any hyperplane. Computer experiments also indicate that the Welch and Niho AB functions
are not bent when restricted to any hyperplane.
2. Preliminaries
We gather here some results that we will use in the proof.
The space of all real-valued functions F defined on L = Fq , q = 2n, is an inner product space
via
〈F,G〉 =
∑
F(x)G(x);
x∈L
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〈F,G〉 = 1
q
〈F̂ , Ĝ〉.
Taking F = G we obtain Parseval’s theorem
〈F,F 〉 = 1
q
〈F̂ , F̂ 〉,
which, for a Boolean function f :L → F2 and real associate F = (−1)f , becomes
22n =
∑
a∈L
F̂ (a)2.
The convolution of F and G is defined by
(F ∗ G)(a) =
∑
x∈L
F(x + a)G(x)
for all a ∈ L. The convolution theorem of Fourier analysis states that the Fourier transform of a
convolution of two functions is equal to the ordinary product of their Fourier transforms:
F̂ ∗ G = F̂ · Ĝ.
Applying the inverse Fourier transform to both sides gives
(F ∗ G)(a) = 1
2n
∑
β∈L
F̂ (β) · Ĝ(β) · (−1)Tr(βa). (1)
We let Sd(x) := (−1)Tr(xd ), for any d . Gold [6] shows that, for n odd and (k, n) = 1,
Ŝ2k+1(a) = 0 if and only if Tr(a) = 0. We will use this fact later.
For the particular Kasami–Welch exponent under consideration in this paper, namely d = 4k −
2k + 1 where n = 3k ± 1, further information is available: Dillon showed in [3] that Ŝd (β) = 0 if
and only if Tr(β2k+1) = 0. We will use this fact in our proof of Corollary 2. An alternative proof
of this fact is given in [8].
The support of F̂ , denoted supp F̂ , is defined by
supp F̂ = {a ∈ L: F̂ (a) = 0}.
The results of Gold and Dillon stated in the previous two paragraphs are trace descriptions of
supp Ŝd for the respective d .
Let f be a Boolean function on L, and let Hα = {x ∈ L: Tr(αx) = 0} be an arbitrary hyper-
plane in L. We will use part of Theorem V.2 in Canteaut et al. [1] which states that the restriction
of f to Hα is bent if and only if
∑
(−1)f (x+a)+f (x) = 0x∈L
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of f to Hα is bent if and only if (F ∗ F)(a) = 0 for all nonzero a ∈ Hα .
3. Results and proofs
In this section we shall first give a general criterion for near bent functions to be bent on hyper-
planes. Then we shall use this to prove the Kasami–Welch result, and we shall also give another
proof of the corresponding results for the Gold case, previously shown in [9]. As before, small
letters f denote functions L → F2, and F = (−1)f is the corresponding ±1-valued function.
Theorem 1. Let f :L → F2 be a near bent function, and let u be the characteristic function of
supp F̂ . LetH be a hyperplane in L. Then f restricted toH is bent if and only if supp Û ∩H= ∅.
Proof. Since f is near bent, we know by Parseval’s theorem that F̂ 2 takes each of the val-
ues 0 and 2n+1 exactly 2n−1 times. Therefore, the characteristic function u is balanced and so
Û (0) = 0. By Eq. (1) we have, for any nonzero a in L,
(F ∗ F)(a) = 1
2n
∑
β∈L
F̂ (β)2(−1)Tr(aβ)
= 2
∑
β∈supp F̂
(−1)Tr(aβ)
=
∑
β∈supp F̂
(−1)Tr(aβ) −
∑
β /∈supp F̂
(−1)Tr(aβ) since
∑
β∈L
(−1)Tr(aβ) = 0
= −
∑
β∈L
U(β)(−1)Tr(aβ)
= −Û(a).
As we said in Section 2, by [1, Theorem V.2] the restriction of f to H is bent if and only if
(F ∗ F)(a) = 0 ∀a ∈H \ {0}. Thus, we have
(F ∗ F)(a) = 0 ∀a ∈H \ {0} ⇔ Û (a) = 0 ∀a ∈H \ {0}
⇔ Û (a) = 0 ∀a ∈H
⇔ supp Û ∩H= ∅
and the proof is complete. 
Corollary 2. Let n = 3k ± 1 be odd, let L = F2n and let d = 4k − 2k + 1. Let H =
{x ∈ L: Tr(x) = 0}. Then the Kasami–Welch function Tr(xd) restricted to H is a bent function.
Furthermore, Tr(xd) is not bent when restricted to any other hyperplane.
Proof. Let Hα = {x ∈ L: Tr(αx) = 0}. As we stated in Section 2, it is shown in [3] (see also [8])
that
supp Ŝd =
{
x ∈ L: Tr(x2k+1)= 1}.
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Û (a) =
∑
x∈L
(−1)Tr(x2k+1+ax)
which is zero if and only if Tr(a) = 0 (as we said in Section 2). Therefore, supp Û = H1, the
complement of H1. By Theorem 1, the unique hyperplane H on which f is bent is H = H1. 
Remark. For n = 3k ± 1 and d = 4k − 2k + 1, the Kasami–Welch near bent function Tr(xd) has
degree k + 1 on F2n ; and the bent function which is its restriction to the hyperplane Tr(x) = 0
has the same degree, except in the case that n = 5 when the bent function must be quadratic.
Next we reprove a result from [9] on bent restrictions of Gold functions.
Corollary 3. Let n be odd, let L = F2n , let k be relatively prime to n, and let f (x) = Tr(x2k+1)
on L. Let Hα = {x ∈ L: Tr(αx) = 0} be a hyperplane. Then f restricted to Hα is bent if and
only if Tr(α) = 1.
Proof. Let Hα = {x ∈ L: Tr(αx) = 0}. As we stated in Section 2, Gold showed that
Ŝ2k+1(a) = 0 if and only if Tr(a) = 0. Therefore the characteristic function of the support is
u(x) = Tr(x). Then
Û (a) =
∑
x∈L
(−1)Tr(x+ax)
which is zero if and only if a = 1. By Theorem 1, f restricted to Hα is a bent function if and
only if 1 /∈ Hα , i.e., if and only if Tr(α) = 1. 
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